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Kegpdhawo 1

To ANuuo tng ‘AvtAnong yio un

XAVOVIXES YAWOCOCEC

1.1  Mmn xavovixeg YAOCOES

‘Eva tenepaoyévo autépato, mapd TNy anAdTnTo Tou, eival yio ToAD oyuer| xatooxevy. H 8Ovoun tou-
¢ yiveton Qavepy| eMeWY| T AUTOUATO QUTA UTOEOVY VA EXPEACOUY OAEC TIC XaVOVIXES exppdoec. 'Eva
TETEPACUEVO QUTOUATO, TIPS TO MENMERUOUEVO TANDOC TWV XATACTAOEWY TOU, UTOPEL VoL EXPEACEL XAVOV-
éC YAOooES e ooodinote ueydho uhixoc n. T napdderyua tny yhdooo A = {(01)*} nov anoteheiton and
Ohec Tic duvarée MéLelg tov unopolye vo Ypddoupe e ohgdfnto S = {01}. To avtdpoato mou avayvwpellet
™ A, Yo expetohhevTel TNV xavovixdtnTa Tng evahhayic and 0 oe 1, xou xdvovtac xdtt cav “@hin-ghon”’
petagd 2 xataotdoewy Yo @idvel oe anodoyn.

‘Opwe, undpyouv YAbooes mou dev avayvwpilovtor and menepoopéva autépata. AUTEC oL YAOOOES
dev efvan xavovixée. T mopdderypor yior un xovovix| yhwooo ebvar 1 B = {071" : n > 0}. Awouodntixd,
0 Aoyog mou 1 B Bev elvon avaryvwplletan and menepacuévo autdpato, ivon 6t pio AéEN tne B unopel va
anoteheltan and 0codnnoTe YeydAn apyiny) axohovdio and 0'c cuvolxol urixoug n. Autéd to tAfdog n and
0'c Bev elvon BUVATOY VoL ATOUVNULOVEVTEL GTIC TEMEQUCUEVES XATACTACELS EVOS AUTOUETOU OOTE Var aLYXELIEl
av etval (0o ye o 1'¢ mou axoloudoiv.

To moapandve Swoucnund emyelpnua dev amoterel anddelln tne un xavovidtntac e B. Anhady, n
oVEY AN TN UETEPHOEWS TOU TARDOUC TV BLUPORETIXWY EPPAVICENDY CTOLYEIWY TOU LIS EVOLOUPEQOUY GE HLdL
AEEN BeV CUVETAYETOL TIAVTA U1 XAVOVIXOTNTA TNG YAWooac. T'a mapddelypa ac Yewproouvpe tne YAWooeg
oto ahpdfnto S = {0, 1}:

C ={w: éye loo nhidoc 0'c xou 1'c}
%ol
D = {w: éyel oo mhidoc eppavicewy twv utoxoroudiey 01 xou 10}

AwoucOntixd, eneldr xou oL SUo YADCOES QUIVETOL VoL OmoUTOLY UETENCT ELPAVIcEWY ETLIUUNTOY UTAXOAOU-
Vlwyv, yag xdvel va vopiloupe 6t dev elvon xavovixég. To exmimetind elvar, xou cuvduo TOAD BLduxTix6 GTO
VOL UMV EUTUOTEVORACTE TUQAE TNy Blafoinom, 6tL 1 YAdooo D elvon xovovix.

1.2 ARuua AVTANONG YL (1] XAVOVIXES YAWOOES

Oa TOEOVCIAGOVYE Lol TEXVIXTH AUGTNENE amodel€ews OTL Wiat Soouévn YAbooo dev etvar xavovixr|. H teyvinn
ot ovopdleton Afuua tng dvtAnong xan Pactleton 6T0 YEYOVOS OTL OAEC OL XAVOVXEC YAWOOCOES €YOLV
wa edixry WidtnTa. Av unopéooupe va deifoupe, pe ) Bordeia Tou AMupaTog, OTL 1) Tpog eEETAOT YAMGOO
L Bev éyel tny elduxn wotnta tote olyovpa 1 L Sev elvon xavoviny.
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IMopatnpolpe 6T to AMjuua g AvtAnong éxel apynuiké oTéyo: TNy anoédelln 6Tl 1 TPOoC
e&étoom YAOooo Oy elvor Xavovixy.

H 816 8ottt xd¥e %AvOovIXg YAWOOoOG: Ou npoomaltficoupe vo teplypddoupe
BlonoInTnd Ty elduen WL TNTA Tov eppaviletal ot Oheg TIC xavovixég YAbooes. Katopyny napatnpolue 61t
xdde plo xavovix Yhwooo L avtiotoiyel oe éva nenepacuévo autépato My mou tnyv avayvwpllet. Enedy
10 M, elvan nenepacpévo t6te Yo €yel mencpacuévo TAdog xotaotdoewy, €0tw k autéc ¢p,...,q,. H
xplown mopatrienon etvar 6t xdde AéEn w tne xovovixnc YADoooc L ye uixoc w > k, dSnhodi peyolitepo
ané 1o TAYoC TV xaTaoTdoewy Tou M, dtav Soldel we elcodo 610 M, TOTE OVUYXUGTIXE TO AUTOPATO
Yo meptéAdel oe Wwa xatdotaon tou > 1 ¢opd.

Aot E€poupe 6TL xdde auTtépaTo, o xdle Yeduua TNS el06dou Tou daPdlet yetofolvel oe avtioTtolym
xatdotoon. To xplowo cuunépaoyoe eivoan: to My oxdua xou av dwofdlovtog xdde yeduuo e AéEne w
uetofaiver oe dagopetikr} xotdotaor, Yo odnyndel oe emavdindn enioxedne xataotdoewe, enedy) oy el
k < n (xataotdoec Tou My elvon < puhxoc Aéewe w € L)

Eynuotixd, €0t o apXeTd HoxpoUAr) hAéén w € L :

uR%og: n>k

W=x1...TtLt41---LpTp4l.--Typ = T1...Tp<k
——

T y 2

uixog: p<k
WOOTE Ty VoL €lvol TO Ypdupa oL odyNoe To autépato M yio modTn QOpd GTNY XATACTACT, @p XOL Ty VO
elvow to ypdupo tou odfynoe to autouato My, yio TedTn Gopd ot enavdAnpn entoxéPews TG XUTACTACEWS
gp- "Apo, av UETA TO YPAUUO T, TOU Yo 0BNYNOE oTNY ¢, nopadécoupe 6oec ¢ > Qopéc emtdUUOVUE TNV
UTOAEEN
Tt41---Tp
———

y
navto Yo gddvouue oty xatdotaoy g,. Etol 6tav to autéuato My Swdoel oty cuvéyela Ty und-héEn

Tp41---Tn
—_———
z

Yo 0dnyndel oe amodoyh e w (86Tt N woxpovh Aé&n w € L). To onpoavuxd eivon va avtikngdolue oe
autd To onueio OTL v POVCHMCOLUE TNV PaxEOLAY AEEN ¥ Yl 60EC @ Popéc VENOLUE TOTE MEOXVTTEL 1)
AEEM:

w(i)=21...2¢ (Tpg1 .- xp)i Tpgl - Tp = zy'z, vy xdde i > 0

1 omolo avixel 6T xovovixh YAwooo L. Aot 1 “avtAnuévn’ uro-AeEN (Titq ... 2p)" (“povoxwpévn”
xoTd § popéc, av cog apéoet) mavta Yo pag odnyel oty xatdoToon ¢, ond TNy onola hag mopahauBdvet 1
UTG-AEEN 2 xou o odnyel pe Befoudtnta oe xatdoTtacT anodoyhc.

‘Ooa meptypdaye StonodnTind mopamdve SlaTumvovTo auoTned ue To eEhc Ao

AAppa ’AviAnong: Av L slval gia KOVoviKh YA®OOO, UTEPXEL €Vag QUOLKOS aplLBudg
p (Eival To WAKOG QPOVCKGUOTOC ToU YapokTneiletoal amd To MANBoc k KATAOTACEWY
TOV TMEMEPUTHEVOLY auTopatoc My mou amodexetatr v L), @ote kdOe pokpouAr) AEEn
w € L, dnAadf pe ufikog |w| > p, va pmopei vo ypagei w = xyz GOTE Vo LOYVOLY
oL ToPaKET® LdLOTNTEC:

1. Tia k&Be @uoLkS i > 0 1 QoLOKGUEVT AEEN avikel otnv YAdooa: ay'z € L.

2. Tndpyel m opyLky VTO-AEEN @oTe vo povokwdei: |y| > 0.

3. H umo-AEEN TOU QOUCKGVOLME €XEL WAKOC To ToAV: |xy| < p.
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Av undodeorn = cvunépacua. H darinwon tou AMuuarog dvtinong ebvan e poppfc A = B
xan Oyt TNg poppne A < B. H yovadu unddeon tou Mupotog eivon 1 xavovixdtnta TN YADCGE Xol oL
Wiotntee 1, 2, 3 énovtan w¢ ouvumépaoua. ‘Oung, av o ta tpog e€€taor Yhwooa L xat yio xdde paxpouhn
MEN w € L ye uixoc [w| > p oybouy ou dibtntee 1, 2, 3 téte awtd dev ouvendyeton 6L 1) YAdooa L eivon
kavovikn). I mopdderypa ag Yewpriooupe 6Tt elvon adndvy N Topaxdte mpdTooy:

“Av efuaote otny EAAdda = dAes o1 uépes eivar nhidAovotes.”

Ileite 6Tt pog xhelvouy Tor YdTior xou LaS YETOPEPOLY OE Wiol dyvwotn ywea (1 omolo umopel vor etvon xou 1
EMG8a). Axdpor xou av gog @ovoly NALGAOUCTES GAEC OL UEPES TNS Y VWOTNG XWpoS, and autd xat Uovo,
dev elvon 6woTo Vo cuuTEpdvouUe GTL N yWpa Tou odyNIxope elvar 1 EXAEBa (Bi6TL 1 mpog e&€Toom ywpa
unopel vo unv €yet dpoppec mapohiec). Ilpocoyh dune, av Bpolue €otw xat uio CUVVEPLICUEVT Uépa TOTE
autd olyovpa onpaiver 6Tl 1) ydpea dev etvor 1 EARGSa. Autr elvon ol xat 1 yenolpotnta Tou AUUITog
e dvtAnong: 1 ebpeot €0Tw xou piog AéEng mou mapaPldlet Tic WoTHTES 1, 2, 3 pog odnyel ye ao@dielo
070 cUUTEPAOUa OTL 1) TPOC EEETAON YAMOOO JEV EIVOL XAVOVIXT.

1.3 Xpnron tou Afupatog ‘AviAnong

To Afuuo to yenowonoloue yia vo det&ouye dTL war mpog e€€taom YAdooa B Oev elvon xoavoviny. Autod
TO EMUTUYYAVOUE:

o uno¥étovtac 6Tl 1 B eivar xavovixy|, cuvende Bo undpyel o puoixdc aptdude p mou yapaxtneilel To
ufixoc TNe davtiAnong

e npoonadolue vo Bpolue pa kakid Yoaxpovlh MEn s = zyz € B,|s| > p xou va draxpivoupe Tic
BUVATEG UOPPES T1Y1, - - -, TmYm, Wixoug < p, TOU UTOpel VoL €EL N TPO¢ POVGXWHA UTO-AEEN NG
kakids hé&ng s € B

® (QOUCXOVOUUE © QOPES, YL XATIAANAO PuOXO i, xde popgHh: 21y, Tyl won Bebyvoupe 6T ot
POUCKWUEVES NECEIC 1YL 2, . . ., Tm YL, 2 BEV avixouy oty YAwbooa B (dtormo).

1.3.1 Aci&ze 6Tt yYAdooa B = {0"1" : n > 0} elvow w1 xavov-
LN

Trobétovue 6tL ) B elvan xavoviny xon €0tw p 10 prxog dvtinong mou Adyw tou Afupotog ‘Aviinong
umdpyet. Ipénel vo Bpolue wa “xovad’ AéEn s = xyz € B, mou vo elvat apxeTtd poxpouly |s| > p, dote
POVOAMYVOVTAC TNV § Qopéc vor xatahflovue ot NN s(i) & B. Autd elvon dromo, diétt av B xovovixd
YAOooo TéTE *EVE PaxpOoLAY AEEN UE PXOC > P GCO oL VoL POUCKWMOEL TIRETEL VoL avijxeL ot B.

Ye autr) Vv nepintwaon 1 xaxid AEY s elvon ebxoho va avoxahugdel. Adyw tng popprc v AEewv Tne
yAdooag B, 6mou éyouue (co-yolpaoua twv 0¢ xou 1¢, To mapouxed @oLoxwpa UToAEENS Yo dnuiovpynoeL
AEEN TOU AATACTEEPEL TO LGOYOlPAUTHAL.

‘Eotw 1 xod A&

s=0P1P € B, ue |s| >p
To tuAua ¥y ™S s Tpog poloxwua uropel va elval:
e y=0...0 ®ote 0 < |y| = k < p. AnhadA t0 y anotehelton uévo and Oc. Téte N 2y'z Yo mepLéyel
(1 — 1) x k nepiocdtepa 0'c and ta avtiotorya 1'c, dnhadn dev avixel oty B yio xdde 7 > 2.
ey=1...1001c 0 < |y =k < p. Anodf 70 y amotereitor pévo and 1'c. Téte n xy'z Vo
nepiéyel (i — 1) x k neplocdtepa 1'c and o avtiotoyyo 0c, dnhady| Sev avixel oty B yio xdide

i > 2. (O éheyyoc autde eivon xatayenotixde, dot |zy| < p, xou dpo unoypentuxd y = 0...0.)
y=0...01...1 dote 0 < |y| = k < p. Anhadn To y anoteheiton and 0'c axorouolueva and 1c.
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Téte n wy'z Yo nepiéyet oo mhAdoc 1'c xon 0'c, dpwe yio x&de i > 2 dnuovpyel evolhoryée amd 0'c
xon 1'c xou ouvende dev avixel oty B. (O éheyyoc autdc eivon xoatayenotxde, ddt |zy| < p, xou
dpa vroypewTxd y = 0...0.)

1.3.2 Aci&te 6t yAdooa C ={w: wéyetl ico nAAlog and 0'c xo 1'c}
elvo un xoevovixn

Trobétovue 6Tt 1 C elvon xovovixn xan €0Tw p 10 PNxog Gvtinong mou Adyw tou Afupoatog ‘Aviinong
undpyet. Ipéner va Ppolpe wior “xovad’” NEN s = xyz € C, Tou va eivan dpxetd paxpouly| |s| > p, dote
POLOAMYVOVTAC TNV § Qopéc vo xatahfloupe ot AN s(i) & C. Autd eivon dromo, dét av C' xoavovixy
yAdooo téte *&e Yaxpouh) AEEN pe prixog > p 660 xou Vo pouoxnaoel tpénel va avixel ot C.
‘Ectw 1 xoad A&
s=0P1P € C, pe |s| > p

Ytbyoc pag ebvar va pddoovpe oe dtono, dnhady| va del€ouue dtL 1 AéEN umopel Vo ypagel s = zyz dote
N oucxewuévn MEn zy'z € C vy xdnoo i > 0. 'Eva éuncpo, po Blaotixd pdtt, Yo nopatnpoloe 61t
%89 povoxwua ¥ dotneel oo ta TAIN Twv 01 xou 1 6Ty 8, 61K SNAADR ATV TEO TOU POUCKOUATOS.
Oune! Bev pavtdler yio drono. Ouwe, N WLbTNTA 3 Tou Afuuartog Aviinong pog héet o6t |zy| < p. Aga 1
UTG-AEEN ¥ e xodie AéEne s = OP1P mpénel va éyetl povo 0’ xat GUVETHOS TO podoxwpo tne ot s(i) da
auéioetl to 0'c xou Gpa (i) & C' .

ITopathienom. Xe autd 1o onpeio elvon onuovtind va detouye T600 onpavTixy eival 1 6OOTH eTAOYY
e xoxde AéEnc. Av emhé€oupe yio TopddeLYHa TNV AEET

s =01 =xyz€C, pe|s'| >p

Tote éyouye Tic €€hc eMAOYES VLol TNV TEOS POVGXWUA UTOAEET ¥
Loy = (01)7 vy j > 0, dnhadny 8 = (01)? = (01)* (01)7 (01)*, dote k+j +t =p vy j > 0 xu
N =~
T Yy z
k,t > 0. Ed® dev propolue vo methyoupe dtono, SOt Yo x8de @ > 0 1 pouoxwpévn LTOAELN
y' = ((01)7)" nepiéyer ioo ThAdog amd Oc xau Le, enedh ny = (01)7 mepiéyet ioo Thhdoc and Og xou
lc. "Apa mpoxintel 1 AN s(i)" = zy'z Yo avixel oty C yia xéde ¢ > 0.
2.y = 1(01) yix j > 0, 3rpadhy 8 = (01)? = (01)*01(01)7 (01)%, dote k+j+t = p— 1 yia
——— N N~

T Y z

J > 0xu k,t > 0. Ed¢ unopolue vo netvyovpe dromo. Audtt yio xdde @ > 2 1 pouoxwpévn hedn
yt = (1(01)7‘)Z dev nepiéyel (oo mhAdoc amd Oc xau 1c, emedh n y = 1(01)7 dev nepiéyet (oo nhrdoc
amd Oc xon 1c. Apa ) MEn 5(1) = zy'z dev Yo avixer oty C yio xdde i > 2.
3.y =1(01)70 yia j > 0, Snhadr 8" = (01)P? = (01)*01(01)701(01)", dbote k+j+t =p—2yij > 0
S~

T y z
xou k,t > 0. Ed¢ dev pnopolpe va netlyoupe dtomo, dott yio xde ¢ > 0 1 pouoxwpévn UToredn
y' = (1(01)70)" mepiéyet (oo Thidoc and Oc xou le, emedh n y = 1(01)70 nepiéyet ioo mhfdog and
0c %o 1c. "Apa MéEn s(i)' = zy'z Yo aviixer oty C v x&de i > 0.
4.y = (01)70 yw j > 0, dnhadn 8" = (01)? = (01)* (01)701(01)!, dote k+j+t =p—1 ya
—— N ——
T Yy z
J>0xu k,t > 0. Ed6 unopolue vo tetvyovpe dromo. Audtt yio xdde @ > 2 1 pouoxwpévn hedn
Yt = ((Ol)jO)z dev nepiéyel (oo mhAdoc amd Oc xau 1c, emedh n y = (01)70 dev nepiéyet (oo mhidoc
and 0 xou 1c. "Apa n AéEn s(i)" = xy'z dev Yo avixer oty C yio xdde i > 2.
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Yt nepuntdoelg 2 xou 4 metuyabvouue vo @Tdooupe e dTomo, Yiatl To Y €xel dvico optdud Og xan 1¢ .
Yg dhheg 800 mepunTdoElC Sev Umopolye Vo TeTUYoUUE dtomo. Agv unopolue Aoindv vo eyyundolue 6Tt
XATOLOL AMd QUTES TIG TEQLTTWOELS OeV Yot Loy boeL xat xatd cuvénela Sev elpacte oe VE€om Vo ONOXANPOCOUUE
TNV anddEEY) YPNOWOTOWVTAS AT TNV ETAOYYH TNS xods AEENS.

1.3.3 Acei&te 6t yYAdooa F = {ww : w € {0,1}*} elvouw un
XOVOVIXN

Trodétouye 6T 1 F elvor xavovixi xou éotw p 10 Uixoc dvtinone mou Aéyw tou Afjuuatoc ‘Avtinong
undpyet. IIpéner va Ppodue pior “xooad” MEn s = xyz € F, mou va elvan apxetd paxpouly |s| > p, dote
(POLGHWYOVTIS TNV © POPES, YL XATOL0 XUTAAANAO ¢, vor xatahhiEovue oe Aé&n s(i) & F'. Auté ebvan dromo,
016TL uto¥Ecape 6Tt N F' elvon xavovixh) YAOooo xou TOTE xdle LoxpouAr) AEEN ue uixog > p 600 xal va
(POUCAWOEL TREETEL VoL aviixel otr F.
"Eote 1 xeoad héEn':
s=0P10P1 € F, ye |s| > p

Ytbyog pag ebvar va pddoouyue oe drono, dnhady) va del€ouue dtL 1 AEEN umopel Vo ypagel s = zyz dote
1 povoxwuévn MEn zy'z € C v xdmowo i > 0. Enedd n ouvdxn 3 tou Afupotog "Aviinone Aéet 6t
|zy| < p ovunepaivouye 6Tl 1 TPOC PolOoXWON UTG-AEEN Y amoTeheiton uévo amd 0'c. Xuvende yio i = 2 1
povorwuévn hEN zyyz € F.

1.3.4  AciZte 61t yAdooo D = {1 : n >0} ivon un xoevovixs

Trodétouue 6Tt 1 D elvon xovovixh xou €0Tw p T0 UAXOS AvtAnone mou Aéyw tou Aruuatoc ‘Aviinong
undpyet. Ilpéner va Ppodyue wa “xwad” AN s = xzyz € D, nou va elvan apxetd Yaxpoult| |s| > p, Bote
(POLOAMYVOVTAC TNV & POPES, YLOL XETOLO XATEAANAO 4, Vo xatodiZoupe o MEN s(i) & D. Auté eivan dromo,
016t unoVéoope OtL N D elvon xavoviny] YAdooa xal Tote xdie poxpouln AéEN Ue unxog > p 600 xan va
(QOVOAWOEL TEETEL VoL aviixel ot D.

To %Al Y10l VO XATUGHEVACOUPE TNV XLl AEEN § = TY2 Vol VOl THRATNEHCOUKE TS XAULOXDVOVTOL
o winn Ty Aélewy e D. To uhxn xhpoxdvovTtor TeTpoywvixd, dnhadn:

0,1=1%,4=229=3%16=4225=5%36=6%49="72,...,n%, (n+1)%,...,

Iopatneolye 6Tt 660 UEYARDVEL TO TEEXOV UX0C N WG AEENG, oL AEEELC TOU OECHC PEYOADTEPOL WIXOUG
(n + 1)2 éyouv peydhn dapopd amd Tic avloTolrec Tou ouéowe wxpdTepoy pixouc. Me dhha hdyla, To
(n + 1)? elver oA peyddo oe oyéon pe 1o n?. AouPdvovtoac umdd dUTH TO PUVOPEVO, OTEYOC WOC
elvon xorapépouue vor Bpolue xatdhAANho i yior ot xod MEEn s = zyz € D, dote 1 s(i) = zy'z va éxel
tetpaywvixd uhxoc [s(i)| = n? po av T govoxmoouue 1 gopd axdun M s(i + 1) = zyz va anoxthoel
wixoc |s(i + 1)| < (n 4 1)? xou cuvende va pny avixel oty D. Anhedy yla Vo amoTOYEL T0 PODOKWUL
xatd 1 @opd meénel va .oy Vel N avicwon:
oyl = Jaye =1yl
——
whxoc: n2+|y| uhxog: n2

opellel va ebvon <
n+1)?—n?=2n+1=2 [ |zy'z] +1 (1.1)
——

phxog: n2

ITo “xoupnt” elvou 1 éZunvn emhoyy| tne xaade MEne. T mopdderypa 1 vrodhgla xaad AéEn ' =

0P0P € F' 600 %ol Vo (pOUCKWOEL Tapauével otny F'.
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Iopatneolye ot av 1 xoad AéEn elvan s = zyz = 17" pe wixoc |s| = p?, and cuvdfxn 3 tou Afuparoc
‘Aviinore éyovue |y| < |s| = p?. Buverde, v va woylet i Avicwon (1.1), npéret vo 9écoupe i = p* dote
10 2¢/|zyiz] + 1 vo unepBel o p? xow xot’ enéxtaon 1o |yl

1.3.5 Aci&te 6t yAdooa E = {0717 : i > j} elvow un xavovix

Ye autd 10 Topddelya, avtl Vo pouckOoOoUPE TN xoud MEN s = xyz = 0PTL1P| Yo 1t Eepouondooue.
Enedy |zy| < p to uhRpe y 9o anotehelton pévo and 0'c. Ondre yio x&de i > 0 1 govoxwpévn s(i) = zy'z
névta Yo Exel teploadtepa 0'c amd 1'c xou cuvenme Yo avrixel otny Yhwooo E. "Eva éunelpo pdtt napatneet
oty i = 0 1 Eepouoxwpévn s(0) = zz € E (yori;;;).

1.3.6 Acigte 6Tt yAwooa A = {a(ab)"c" : n > 0} Bev eivon
XOUVOVIXN
‘Eotw 6t n A elvar xovovixh xaw p 1o uixog dvtinone. Oewpolue T AéEn
s =a(ab)Pc? € A
Enewdh |s|] = 3p+ 1 > p, cbppwva pe 10 Afppo Aviinone undpyouv ,y, 2z 1ol Oote vo loydouy oL

wotnree (i) s = zyz (i) 0 < |y| < |ay| < p o (7) v xdde i € N, zy'z € A. Enedy |zy| < p,
oLUPBONOCELR TY BEV TEPLEYEL TO YOPUXTHEN C. Ly NHATIXA:
s =a(ab)?
—_——
ayC &
ALoxplVOUUE TEQITTMOELS Yiol TNV HOPQT TOU Y WOTE Vo avTiAngdolue v Yoy Tou y.

1. Av zy = a. Téte x = € elvar 1) xevr| cupPolocelpd xou y = a, dSnhadHh:

s=_€e _a (ab)Pc?
—~
T y M

ANNS téTE 1 MEEN 8(0) = 2902 = (ab)PcP & A.
2. Av ay = a(ab)?, ¢ < p. Téte s = a(ab)? (ab)P~9cP xou draxplvoupe Tic UTO-TEPLTTOOELC
S~ —
Ty z
o r=a. Téte
T yilyl=2¢>0 z
Povonwvoupe Yo ¢ = 2 xou hofdvoupe
5(2) = zy*z = a(ab)?(ab)P P
Iapatnpodue ot yio va avixet 1 s(2) oty A o npénet va etvan e popghc a(ab)PcP, dniadn
Yo npénel v oylel 6t p =29+ p — g = g = 0, dromo déTL |y| = 2¢ > 0.
e z=ua(ab)t, 0 <t <gq. Tote
(ab)*
—
s=aab...ab (ab)?" (ab)P" %P
———

—_——

r yily|=2(g—t)>0 z

Dot v ovixer ot YAdooo A s(0) = zy°z = a(ab)!(ab)P~9cP Yo mpénel vo ebvon g poppic
a(ab)?cP, dnhadr| Yo mpénel Vo loyeL p =t +p — q = t = q, onéte y = (ab)?"! = &, om0,
dot |y| > 0.
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o r=alab)la, 0 <t < q. Téte

(ab)ta
PR
s=aab...aba b(ab)? '™t (ab)P~9cP
N———

—_—— —

r y:ly|=2(g—t)—1>0 z

‘Opwc 1 MEN s(0) = 2y°z = a(ab)ta(ab)P~cP dev unopet va aviixel ot YAwooo A.
3. Av zy = a(ab)la xo z = b(ab)P~97 P | oymuotind:

s = a(ab)lab(ab)P~ 1 P
—_——

Ty z
Avoxpivouye TEAL TIC TOPOXATL UTO-TEPLTTHOOELS.

o Av z = a, 161c gpyaldpaocTte HTWE TEONYOVUEVL.
e Avaz=a(ab)t, 0 <t < qonbtey=(ab)? ta, 2= b(ab)P~971cP, oynuotind:
s = a(ab)! (ab)? tab(ab)P =17 1P

S~

T Yy z

Hepatnpolpe 61t dev propel vo avixel oty A 1 Aé€n s(0) = zy°2 = a(ab)tb(ab)P~771cP.
o Avx =a(ab)la, 0 <t < qomndte y=b(ab)? ' a, z =b(ab)P~ 9P, oynuotixd:
s = a(ab)tab(ab)? " tab(ab)P~ 1P

——

T Yy z

Hapatnpolpe 61t Yo vo aviixel oty A 1 Aé€n s(0) = zy°z = a(ab)’ab(ab)P~971cP Yo npénet
Vo €YoupE p = p —q — 1+t 4+ 1 dnhady| ¢ = t, mpdypa mou ebvan oe avtiVeon ue Ty unddeon
¢ uno-nepintwong nou egetdlouye.

Yuunepaivouye 6tL 1 A Sev elval xavovixt.

1.3.7 'Eoctw L m yYAdooa oto akpdfnto {a,b} nmou opileton
AVUOREOULXA WS EENG:

[ LO = {ab}
o L1 =L,U{bzz|lx € L,} U{zabx|z € L,}
o L=U,Ln

Aci&te 6TL 1 L dev elvan xavovix.

Trolétouue 6TL 1 L elvon xovovixr) xou €6Tw p T0 Uixog avtinong. Oo mpoonodricouue va Bpolue
“uonad” AEEN s TOL THEAYETAL UG TOUS XAVOVES TN YAWOGoE L dote av pouoxwiel vo unv avixel otny
yAodooo xou var xataihZouye oe drono. Eotw ot 1 xonad MEn elvon e wopgnic

s = (ab)®r

om0V Sg = 1,8p41 = 28, + 1 xou s € L (Snhadh| 1 s nopdyeton and to ab pe diadoynéc epopuoyéc tou
xavévo, xabr) xaw 1o uixog e elvou
|s| =2s, > s, >p
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H Xé&n Yot anotehelton omd o pépn:
s=uzyz, 0<|y[ < |zy| <p

omou xde Y€pog elvon BuvaTtdv var Eyel TNV Loppn:

s = (ab)"a’ bt(ab)™ " "tal b (ab)*rT ™I
~——

T Yy z

eyl =2m-+j<p

pe 0 < r <m,0 < t,j < 1. Awnodnuxd, vy vo xatohdBoupe v dve wopen, apxel vo dolpe 6Tl to
Tpoc @oloxwua Yépog y unopel va elvan Thab...abTy émou Th € {e,b} xau Tp € {¢,a}. Oewpolye
POUCHWUEVT AEEN

5(2) = 29?2z = (ab)"a® b'(ab)™ " "ta? b'(ab)™ " "ta! b (ab)s ™I

N—_——
T Yy Y z

H s(2) dev elvon tne popefic brx, oldte unopel vo elvon e popehic wabw pe w tne popyhc bvv, yiotl
bhec autéc ol h&ews apyilouv pe b. Enopévee 1 s(2) unopel pévo va nopdyeton and 1o ab pe Swadoyixés
eQapUoYES Tou xavdvo zabr. Enoyévme mpénet

t=j¢€{0,1}
Kdvovtag ye npocoyn tne mpdeic otny dve Jop@t €YOoUlE:
5(2) = (ab)™ ") — (ab)™
Yo Xdmoo > p, n=p + 4, INR®Y Sy, = Spti > Sp1 (6TOUL T < M, NS Y = €) dpot:
Spr1<sp=sp+(Mm—7r)<sp+m<s,+p <28, <28, +1=s5p41

rou elvan dtomo.

1.3.8 "Eotw L 7 yA®ooa cto ahgdPnTo {a,b} mtou opileton
AVUOREOULXA WS EENG:
l.ael
2. Avz e L=zd’bz €L

3. x € L ybvo and 1w 1, 2, dvo.

Eivaw n L xavovixn;
EiOxoha Bploxouue 6t ou Mé€eig g yYAwooog L €xouv tny yevixy| popph:

L={(a®)* "tajn >0}

Trodétouue 6Tl 1 L elvon xovovixr| xou €0Tw p To Uixog avtinong. Oa npoonadicouvue va Peoldue “‘xonad’’
AEEM s mou mapdyeTal and TOUG XaVOVES TNS YADoouc L dhote av gouoxwiel vo uny avixel oty yAdooo
xan vo xatodh€ouue oe drono. ‘Eotw 6t 1 xoud AEN elvar tne poperic

s = (a’)” a, e [s| > p
Ou del&w 611 dev unopel va ypoagel we

s=uayz, 0 <|y| <|zy[ <p
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Gote 1 A&
s(2) =zyyz € L

Iopotned 6t
s|=4x (2P —1)+1=4-2" -3

Onowdrinote MEN & € L pe winog |z| > |s| npénel va €xel urfixog Touldylotov 600 T0 aéons PeyahiTERO
whxoc amd To |s| =4 - 2P — 3, dnhadA prxoc |z > 4 - 2P — 3. ‘Opwc 1 s(2) avtiBaiver auté tov xavéva,
BroucInTind, auEdvel Myo oe oyéon e Ty 8. Awbti tapbdro Tou [s(2)| > |s| éxoupe [s(2)| < 4-2PT1—3. T
va T0 dolpe autd, apxel vo napoatnpioovpe ot [s(2)| = |s|+|y| 6mov |y] < p xou dpa |s(2)] < 4-2P —3+p <
2P 1 — 3. "Atono.
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Kegpdhato 2

To AYuua tng ‘AviiAnong yia
YAWGCOESG U”n AVeAPTNTES
CLUPEACOUEVLYV

2.1  AwwocIntixn tapouvciocy Touv Ajupatog pe Agv-
Tteo Iloapaywync

Ac napoatnpricoupe o dve o xdte dévtpo tou Myfuatog 2.1. To dvw dévtpo pe xopupy ™ wetofAnti T’

Yo 2.1: Ta gdha tou dve dévipou tapaywyhc oynuatiouyv v hédn s = uvxyz. To ikha
10U x4TL dévipou mapaywYHc oynuatilouy v MéEn s(2) = uvlry?z.

oynuatilel ota UAAa Tou TN AEN uvzyz. To UTOBEVTEO TOU UE XOPUPY TN TEADTY ELPAVIOT) TNS UETABANTAS

15



16 KEPANAIO 2. TO AHMMA THY ANTAHYHY T'TA TAQYYEY MH ANEZAPTHTEY X TM®PA.

R oymuotiler ota @UAa Tou ) AEEN vy (napatneRote Tt To UTOBEVTPO aUTH Jev ExeL oo YUANNL TOU
Tic uohéZelc u xou z). ITo younhd eugovileton 1 deltepn eugdvion tne wetofAnthc R xan dnwovpyel
UTOdEVTPO e TN AN @ ot UM Tou (TapatnerioTe GTL To UTOdEVTPO auTd dev €xEL oTal PUARAL TOU TIC
UTONEEEIS ¥ xou ). AV 0T0 dve dévTpo, axpBne uetd and tn deltepr eppdvion e R, tonodethoouye
6MO TO UTIOBEVTEPO TOL LUTLIEYEL aXEBAOC UETA TNV TEWTY eupdvion Tng R, t6te Yo AdPBoupe To xdtw dEvTeo.

Me auté 10 Tp6T0 670 %4t dEVTEo oo PO Tou eugavilovTol ol UTOAEEES: uvvayyz = uviry?z.

2.2  Tlogadelypata pe to Aupa tne ‘AviAnong

2.2.1 Acite 6tL yYAwooa B = {a"V"c" : n > 0} dev eivou
avedptnTn CLUPEALOUEVLV.
‘Eotw 61t n B etvon TAY xou €0t 0 guoixdc p mou elvon 1o unxog e dvtinone. Emdéyw yio uvnodripla
xad AEEN Tnv:
s =aPbPc? = uvryz € B

xow Yo Bel€w 6T yio xatdAANAo ¢ Bev unopel va pouvoxwiel, xotahfiyovtag oe dromo.

o Av 1o v,y nepléyouv puévo éva eldoc Ypouudtwy dev urtopolv va teptéyouy tautdypova o a, b b, c.
Suvenae n uvay?z dev unopel vo tepLéyel o Blo Thdoc and a, b, c.

o Av 1o v,y mepéyouy dlo eldn ypopupdtoy n uviry?z unopel vo tepiéyel o Blo thdoc and a, b, ¢,
buwe dev umopel va tor epgoviler ye v oot oepd (dnhadn Yo dnuioupyolvTon un ETTEETOUEVES
evolharyéc amd ypduuata).

2.2.2  Act&te 6t yAbooa O = {a'b/cF: 0<i<j <k} Bev elvan
avedptnTn CLUPEALOUEVLV.
‘Eotw 6111 C elvon 'AY xan €0tw 0 puoxdg p mou elvar To prxoc tne dviinone. Emhéyoupe yio unodrplo
xoid hEEN Tnv:
s =aPbPcP = uvryz € C

xot Yo Bel€w 6T yio xatdAANAo ¢ Bev unopel va pouvoxwiel, xotakfiyoviag oe dromo.

1. 'Eotw 6t o v,y mepté)ouy novo éva eldog yeouudtwy, dnhady etvon g popghc a...a f b...b 1
C.... LUVETAS éva eldog ypauudtey and ta a, b, ¢ dev umopel vor eupavileton TauTOYPOVA GTAL U XAl
Y.

e Av 710 &ldoc a dev epgpaviletor Tawtdypove ota v xon y, T6te N MY 8(0) = wlxy’z = zyz
Yo eppavilet (Blo mAloc a ye TRV s ouwe T b xan ¢ ogellouy va pewdoiv.

o Av 10 eldoc b dev epgpavileton Tautdypova 6ToL v X Y, TOTE To ldog a 1 b mpénel va epgaviletan
ot v,y, BT [vy| > 0. Av 10 €ldoc ¢ epgaviletor ota vy, téHTE N AéEN $(0) = uvlaylz
TEpEYEL TEplocOTepa b amd ¢ xau dpa Sev avixel oty C. Av 7o eldog a epgaviletar, ToTE 1)
MEN 5(2) = uvxy?z mepLéyel teplocdTepa a amd b xon dpa dev avixel oty C.

e Av 70 eldoc ¢ dev epgpavileton TauTdYPOV OO U XL Y, TOTE 1) MEEN 5(2) = uv?zy®z nepiéyel
neploobtepa a 1 b amd ¢, xou dpo dev avixel oty C.

2. Av 1o v,y nepiéyouv TEpLocHTERO Tou EVOC EldouC Ypouudtwv ToTe N uviry?z unopel vo mepié-
Xet To {oo mAdoc and a,b, ¢, buwe dev umopel vo ta eppavilel pe v owoth oelpd (Snhodr do
ONULOUEYOUVTAL N ETITRENOUEVES EVOAAAYEC IO YROUUOTAL).
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2.2.3 Aci&te 6TL YAOooca D = {ww : w € {0,1}*} Bev eivou
avedptnTn CcLUPEALOUEVLV.

‘Eotw 6t n D elvou TAY xou éotw 0 puode p mou elvon to Pixog tne dvtinone. Emhéyouue yia unodripua

xoid hEEN Tnv:
s’ = 0P10P1 = uwvzyz € C

xan Vot Bel€ew OTL Yo xaTdAANAO © BeV Unopel vor pouoxwiel, xatoAyovtag ot dtono. ‘Opwe n AEn s umopel
VoL pouoxwVel, av yeapel g e€hc:

0P1 0P1
0...0 0 1 0 0...0
N ——~

u v T y z

Ipéner va Bpolue onwodnnote dhhn xoxid AEN. Ac doxwpdoouye To:
s = 0P1P0P1P = wvzyz € C

xou g TpocELoupe Ty v |vzy| < p tou Afupartoc.

1. 'Eotw 6Tl 10 tpfua vy epgaviletor oto aplotepd Wod tuhue g s. Tote 1 povoxwuévn A€
5(2) = w?zy?z onpdyver éva 1 ot TpdTn Yéom Tou devtepou wool tne s(2), deo 1 s(2) dev
umopel va ebvar TNg poppnc ww.

2. "Eotw 6t 10 tphpa vzy epgaviletar oto 8elid wod tphpa tne s. Tote n povoxwpévn hédn s(2) =
wv?xy?z onpiyvel éva 0 ot tereutalar 9éon Tou TpdTou ool Tne s(2), dpa 1 s(2) dev propet va
elvon Tne poperc ww.

3. Téhoc, éotw 6Tt 0 TuhAua vry eppoviletor xevipd oty s. Téte n AéEn s(0) = ww’zy®z éye
wopgh 0P1°0717, énou Tat 4, j dev umopodv va elvon Tawtdypove loo pe p. Apa 1 s(0) dev propet va
elvan Tng popyric ww.



